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R. Parker, Geoplysical InverseTheory Princeton,1994.
(Standardeferencdor geplysicists,oftenquoted,should
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|mage deblurring: The phase function

Geometryfor the calculationof the point spreadfunction, A is
the plane of the aperture with a lensein front, F is the focal
planeat a distancef fromthe aperture. An objectis assumed
infinitly awayin directionof r,, and hasits geometricalimage
at rg, in thefocal plane

Electricalwave field in focal planeF' from a pointsourceatr is
Lo WWE
2nf Ja
Therearethreecontributionsto the final phaseof thefield on the
focalplane

E(’I‘F’ t) _ EO eZ@(TFarA) d2<rA)

O(rp,ra) = kara + Afrense(ra) + klrr+ F — 74|

init  phase phase cﬁgnge due phasechangedueto pro-
in front of tolense gagationfrom plane A to
lense planeF

Making rigoroususeof the Fraunhofempproximation

f>ra>rp
and Aqblense = QSO Y/ f2 +l:124 ) Tro = %kA
gives O(rp,r4) = P — ?(rp — TEo) T4
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|mage deblurring: The point spread function

For acircularapertureareaA with radiusR we have

/A PP, Ta) () — oi0 / i5(re =Tr)TA pi

A
WF e —rrol) 4

— 2 R?
k7R|"°F — TFo|

which is essentiallythe 2D Fouriertransformof the aperturearea

A wherethewave numberis |rp — rp,|/ f timesthewave number
k of theelectromagnetigvave

— final field is

2 J (BB |p . — : .
E(rp,t) = E kRZ W plre = 7ol (i(Po — 5 —wt)

o e —7r

— intensityin thefocal plane

I(rp) = E|1_47(1~F,¢)|2 _

2
, kRN (158 |me — rro|)

TR 2E’O 5 T P—

\_.\,_/ I Fo

P, (power collectedin aperturearea)

If insteadof a discretepoint sourceideally focussedat rr,, we
have a distributedsourceof brightnessyve finally have to replace

Py — Iy(rp,)d*rr,
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|mage deblurring: Theinverse problem

Point spread function in diffraction limit
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Crosssectionthroughthe pointspreadfunction(1/7)(J1(p)/p)?
anda Gaussian(1/4n) exp —(p/2)? of similar shape(dashed).

Thefinal expressions

2
1 (kR\? [(J1(EEre — 7r)
e [L(5) (24 s £,
N——— FT f T|’I"F — ’I"F0| N——

A\ >4

Data Kernel Model

e If we know I, we cancalculatewhatintensity I we would ob-
sene (Forwardproblem- straightforwardintegration).

e Usuallywe obsenre I andwould like to know whatthe original
distribution I lookslik e (Inverseproblem— muchharderto solwe).
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|mage deblurring: A practical example
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Tomography: General ray paths

Tomograply aimsto derve the distribution of a parametein the
interiorof adomain(2 from obsenationsof adiagnostiovavefield
ontheboundaryof.

Diagnosticray pathC throughdomainS2 fromr, to

If, e.g.,therefractve index is known, theray pathC from ary
to r; canbecalculatedandthe attenuatedntensity

[1(7‘0, 7“1) = [() exp | — / KJ(’I") dr
C(rg,r1)NS2

canbe measuredDeducingthe local absorptions(r) from these
measurements an inverseproblem— a hard one dependingon
theray pathsC.
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Tomography: The X-ray transform

Choosethe diagnosticwave so that refractve index is closeto
unity and x moderate.So rays are straightalongtheir initial di-
rectioney

C={ro+sey|seR}
Let s = sy ands; betheintersection®f C with 0€2, then

]0 — ]1(7‘(), 9)

Iy
[oF5 (I

ln(

N

) = /:1 k(1o + sep) ds = /KH(TO)@ d>r

a y 51 Q model
kernel: Kjy(ry) = / o(ro+ sep —r) ds
50

o

e@
o Geometryof the X-ray transform.
|(r 8) ro are the image pixel center the
0 integration areas (rays) are grey-
shaded.

e To investicate a 3D body, take a 2D manifold of positionsr
(image)with a 1D manifold of directions(the scandirectionsé
shouldcover [0, 7])

o If the ey all lie in a planethe 3D X-ray transformdecomposes
into asetof 2D transformswvhich canall be solvedindependently
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Tomography: The Radon transform

We aremeasuringheline emissionfrom anoptically thin plasma
cloudwith distribution function f(v) from differentdirectionsey.

Theintensity I at frequeng v offsetfrom the line centerby Av
= v - 1y IS proportionalto the numberof particleswhich have a
velocity component = cAv/y, in directioney.

f[du / 5
I(Av,0) = d
data vep=c5¥  model

whereN = [ f d*v (totalnumberof emittingparticles)and [ I dv
is independenof directioney it is measuredn, c is the speedof
light.

Geometryof the Radontransform.
Theintegrationis over planesnor-
malto ey in velocityspace

1 (Av,0) =3

Av

e To getthefull 3D distributionmeasure 1D manifoldof Doppler
shifts Av (spectra)jn a 2D manifold of directions(the scandirec-
tions# shouldcover a half sphere).

e In 2D, the X-ray andtheRadontransformareactuallyindentical
exceptthatey is rotatedby 7 /2.
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Radiative transfer: Thetransport equation

In mary atmospherigroblemsthe radiancel, at afrequeng v
depend®nly on heightz andpropagtionangled.

Theradiancel(z, #) propagtingat anangled with respecto the
vertical 2 is modifiedlocally by absorptiorandthermalemission

d .
cos Hgly(z, 0) = — ru(2)1,(2,0) + €, (noscattering)

Y

absorption  thermalemission

1(z,0)

Geometryfor the derivation
of the radiative transport
equation.

Anothercommonapproximations local thermodynamiequilib-
rium

€, = ku(2)B,(T(z)) where

BUT(:) = 2
T !

Is Plancks functionatthelocal temperature.

InverseProblemdan SpacePhysicd/8 May 2002



Radiative transfer: Up/downward radiances

Theintegrationis simplified by introducingthe frequeny depen-
dentopticaldepth

7,(2) = / k,(Z') dZ" hence k,dz= —dr,

The opticalthicknesof theentireatmospherés 7,(z = 0) = 72",

v

Z=co | spe 1=0 =0
upgoing downgoing
Z rad?ail on radiation
z=0 | S | S T=7%"

Up/downwad radianceboundaryvalues.

Integrationfor upward propag@tion (cos § > 0) givestheradiance
we mayobserein space

atm

e — ]5rfe—73tm/ cosf / Y B.(T(r,)) o~ Tv/ cos dry
0 cosf

Integrationfor downgoingradiation(cos 8 < 0) yieldstheradiance
we obsene on the groundwhenlooking upwards

atm

Ty atm dT
5t = B,(T(r,)) e (70" = 7) /| cos ] _2Tv
Y /() ( (T )) ’ |COS‘9|
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Radiativetransfer: Solar limb
darkening equation

Theradiancerom the Sunfor optical v depend®n 6, or, equiva-
lently, ontherelative distancey/1 — cos? # from the Sun’s center

1 0
N — cos 6 0 -~ N\ P 2
data kernel model

This equationcanbe usedto infer B,(T'(r,)), henceT(r,) from
measurmendf 7, (cos ).

¢ limb darkening=- increaseof T" with 7,

e Kernelexp —7, / cos 6 is smoothandsensitve only whereit varies
with cos @, i.e.,for r, ~ 0.1... 1.5(lowerchromosphere).

1.0 -

0.8 - —

kernel

0.4 -

0.2 —

0.0 —

0.5 1.0 1.5 2.0

Kernel of the limb darkening equationfor p = /1 —cosf = 0.1,
0.2..., 0.8, 0.9, 0.95. The solution of the inversion problem
B,(T'(7,)) is drawndashed.
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Radiative transfer: Solar limb
darkening observations

Observedimb darkeningon the Sun—thesolar disk.

Observedimb darkening on the Sun— intensityvs. u = cosf for
differentwavelength$rom (Stix,1989).
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Radiative transfer: Molecular absorption

At GHz andTHz frequenciesve obsenrein zenithdirectionif we
assumeptically thin conditions(r,, < 1) andneglectthe galactic
background

I, = /000 B,(T(z)) ky,(2) dz

For aline atcenterfrequeny v,,,,, = (E,, — E,)/h for atransition
from staten — m of amoleculeX

O
Ky X nx, VvYWV—1vy,) (1—e kT
~ —— .
densityof line shape inducedemission

X in staten

e Thedensityny, is relatedto the concentratiore y

with g, the degenerayg of staten and Z(T)) is the partition func-
tion.

¢ Theline shapecollisiondominatecandwell modelledoy aLorentzian
line profile

AI/C
\IJ(]/ — Vnm) — (V _ Vnm)2 n (Al/o)z
with width
Ave ~ Ai/o£

Po
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Radiative transfer: Trace gasinversion

Atmospheric Kernel Kernel

temperture temperature dep. frequency dep.
I I T T T T T T T
80 [ 4k 4k | -
60 =1 F 4 F l -
€
4
z I\
= 40 - - 4k !\ i
; A
20 1 — A
_-//\
1 L1 1 1 1 1 1 1 1 1

0
-100-80 -60 -40 -20 0 00 02 04 06 08 -10 -05 00 05 10
T(K) Fom Av

Typicaltempeature profile of the Earth’satmospheg, factor F;, ,,, and
line shapeof kernelat variousheights.

Insertionyieldstheinversionproblem

) e

N N (VZM)QJF (p<z>>2 ——

Po

\ - >4

data modell kernel model2

wherethel' dependences concentratedh

Fom(T) x B, (T)

kT Z(T)

e X =CGO, or O arewell mixedsothateyx = const
— solvefor F,,,(T'(2)), i.e. T'(z).

o If T'(2) is known, solvefor cx(z) of moreexotic tracegases.
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Radiative transfer: Trace gas
Inversion kernel

Kernel height dependence

0.8

kernel

60 80
Height(km)

Heightdependencef kernelfunctionswith increasingfrequencyoff-
set.

Kernel differences

kernel (i)-kernel (i+1)

0 20 40 60 80
Height(km)

Height dependencef differencebetweemeighbouringkernel func-
tions.

e Combination®f theinversionequatiorfor differentv —v,,,,, may
give betterkernels.
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Helioseismology: Fundamental properties

We assuméydrostaticequilibrium

Vpo=gpy and V.g=—4rGpy

wherein our notationg = 7- g is negative.

Thepropagtionof wavesin the Sunis controlledby threefurther

parameters
Acousticspeed: ¢ = 2
Po
s drpo Orpo
Brunt-Vaisalafrequeny: N? = |g| ( P _ &P
YPo Po
~1
_lgl (@) 9 (@)
o 9 9
v \po/) Or \p
. . Po 62
atmospheriscaleheight H = =
lglpo 7lgl
5000 e
BN *.100
\\ \\ - p \\
. TSR0 '
1000 |- 1 k
E 500 ¢ \ \ \\\ E
2 ~ Y
100} g .
50 E ................ \\.\\\. " “‘-
0.0 0.2 0.4 0.6 0.8 1.0

r/R
Variation of N (solid) and c;k;, (dashed)with distancefromthe centerof
the Sunfor &, ~ /I(l + 1)/r (Christensen-Daalsgadr 1998).
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Helioseismology: Lagrangian perturbations

Theinversionequations dervedfrom avariaionalprinciplewhich
involvestheintegrationof perturbationver the whole solarvol-
ume.

— It is advantageou$o changdgrom Eulerianvariables

d 1

d d
e _— — . d e = — .
dtp pV-v an dtp vpV -v

to Lagrangiarvariables:
€=(y—1)g(V-€ +cV(V-€) + V(g€ = —A§)

oLp=—po(V-€) and &p = —ypy(V-§)
OntheSunssurface:p, = p=0

Relation between Eulerian
and Lagrangian perturba-
tionsfor fixedt:

x =xo+ &(x0, 1)

v(,1) = &(o, 1)

L

e The velocity perturbationson the Sun’s surfaceé can be ob-
sened. Usuallytheir FT areconsideredfor planeparallelgeom-
etry):

E(xo,t) = Y &, o(20) eF™0) 4 cc

kh,w
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Helioseismology: Short wavelength approximation

To qualitatvely understandhe obsenationswe simplify:
e planeparallelgeometry(r — 2)

e N0 gravity waves(g-modesareyet undetected)

For Hk, > 1thelagrangiammomentumequationyields

div€ — Adive ~ 0

For an obserned modewith horizontalwavenumberk, and fre-

gqueny w fixed
2

w
k. (2)? ~
a0
Sincec, increasesvith depthwe have reflectionbetweernthe sur
facez = 0 andsomez,q insidethe Sun.

_ki

z,, for p mode

Z., for g mode

Propagationpathsof an acousticwave(p-mode)n the Sun.In
comparisonthe propagationof gravity wavesg-mode)s dashed.
¢ In betweernthereflectionpoints,the wave musthave aninteger
numberof nodes

0
/ k.(2) dz = (n+ am + )7

rfl

whereq .5 arephasecorrectionsattherespectrereflectionheight
(from obsenations:a,q + o ~ 1.45)
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Helioseismology: Short wavelength dispersion

With N2 ~ 0, we canroughlyestimatehow c, increasesvith depth
insidethe corvectionzone:

1 dc? B ( 1dpy, 1 dp())

E dz podz  py dz
<1dp0 1dp0>1_l)@< _1>£
podz  ypo dz 7" Po c;
Insertc?(z) into theequatiorfor k%(z)
2
O P ——
2 (y—1)gz "

Insertionof k,(z) into nodenumberintegral gives

/ \/ — ki dz = kh|Zrﬂ|—_(n+Oérﬂ+Ofo>
— 1)gz

wherez,q = (w/kp,)? /(v —1)g. Thelastequatioryieldsthe observ-
ablerelationbetweerthefrequeny andhorizontalwavenumber

w® = wy, =~ 2(y—1)g (n+ o + o)k

T T T T T T T T T T T T T T T T T T T T T
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Observedlispessionfor acousticmodedansidethe Sunwith | ~ k, R
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Helioseismology: Thevariational principle

Introductionof the Fourier transformin the Lagrangianmomen-
tum equationgives

wih,ngkh,n - Akh (gkh,n) (1)

aneigervalueproblemfor eigen/alueau,%h . andeigenstategy, .

Since A, is hermitian,the eigenstatespana Hilbert spacewith
normalization

/O po (&x, m(2)-Ex, n(2)) dz = 61 My, , (Modeinertia)
- )

hencetheabove eigervalueequation(1) canalsobewritten as

0
wl%h,anh,n — / Po (€zh,n°"4kh<€kh,n)) dz (3)

o If the calculatedw;, ,, do not agreewith the obsered frequen-
cies,we haveto vary p, (andall otherparametersaccordingly)in
our model:

po— po+0py Causes py — po+opy ; g — g+9dg
Akh — Akh + 5Akh 1 €kh,n — €kh,n + 6€kh,n
andfinally  wg, , — wi, , + 6(wi, )

We mayvarytheeigervalueequation(1) but thenwe needthe per

turbationsof the eigenstateaswell. A morecorvenientapproach
Is to vary (3). The procedureghenis almostidenticalto cornven-
tional perturbatiortheoryin quantummechanicsin ary casethe
orthogonality(2) andthe modeinertia My, ,, remaininvariantun-

derthevariation.
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Helioseismology: Theinversion problem

Thevariationof (3) yields

0
5<wl2ch,n>Mkh,n — / Po <€Zh,n°5“4kh(€kh,n)) dz

Hencethevariationof theeigervalueis obtainedrom thevariation
of theoperatorA,, with respectotheunperturbeeigenfunctions.
Theperturbeceigenfunctionsarenotrequired.

Next, relatethe variation 0 A, to the appropriatevariation ¢ p,
(Frechetdervative oc Ky, ). We finally obtainafter renormaliza-

tion:

0w, n) 0 .
wQ—h’ - / Kkh (ékh,m Skh n)
kh n — N v

L
\P/
kernel model

1.0F '
KP:?’

0.5

0.0}

-0.5}
1.0

05F

0.0f

-0.5¢

-1.0t A , : : :
0.0 02 04 06 08 1.000 0.2 04 06 08 1.0

r/R r/R
KernelfunctionsKy, for anacousticmodek;, ~ /I(l + 1)/ R with
[ = 10 and eigenfunctionorder n = 6. Thefirst subscriptparameter
is varied,thesecondixed.Here, u = ¢2/v, A* < N?/|g| andY « He
abundancgKosovichev, 1999).
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